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ANGULAR DEPENDENCE OF ULTRASONIC WAVES 
SCATTERED FROM FLAT BOTTOM HOLES* 
Laszlo Adler 
The University of Tennessee 
Knoxville, Tennessee 
I would like to present some of our results on angular and frequency 
dependence of sound scattering from flaws which are two-dimensional and 
have sharp edges, and specifically on our study of the end of the flat 
bottom hole, which may be considered as a circular aperture or disk in 
an infinite medium. 
We have used the frequency analysis system shown in Fig. 1. We have 
a commercial pul ser which shock excites the transmitter. The broad band 
signal hits the target and the scattered signal is picked up by a receiver. 
This signal is amplified and gated out and spectrum analyzed. We are not 
using a digital system; we have used the actual spectrum in our study. 
Basically, we are interested in studying the response from the flat 
bottom hole, and we're simulating these in our experiments by using a flat-
ended rod and studying the scattering from it. The actual setup is shown 
in Fig. 2. The goniometer system is also shown. We can adjust the angle 
between the two transducers and thereby study angular dependence. 
Figure 3 shows typical spectra of a large diameter rod at various 
angles. Angular dependence of the frequency content is seen even at small 
angles. In Fig. 4 you see similar behavior for another size rod. Thus, we 
have concluded that the amplitude distribution or power distribution depends 
on the frequency, angle and the size of these reflectors. 
The problem was to find a relationship between the amplitude dis-
tribution or the intensity distribution and the frequency and angular behavior 
of the scattered energy. We searched through the literature, and the problem 
of the angular and frequency dependence of scattering from a disk or a 
circular aperture is not treated in detail, at least not for the elastic wave 
case. We have found a treatment of the geometric theory of diffraction, 
introduced by Keller, which I think was mentioned in a previous paper. Keller, 
about 15 years ago, developed a geometrical theory of diffraction for an 
electromagnetic case and, basically, he considered the following. I'm just 
going to review briefly Keller's theory and extend its relevancy to our work. 
If you treat geometrical optics or geometric acoustics, ordinarily you 
consider incident, reflected and refracted rays . Keller introduced diffracted 
rays . These diffracted rays are produced every time a ray interacts with an 
edge or vertex or grazes an interface or a flaw. The advantage of this theory 
* Research sponsored by ARPA/AFML Center for Advanced NDE 
219 
  
J SYNC j GATE: ~ ULTRASONIC 1--PULSER 8Ej GATED 
0-SCOPE SIGNAL 0-SCOPE 
C7 F>- u - p 
SPECTRUM 
~ ANALYZER 
FREQUENCY 
UCER CALIBRATION 
I MODULES 
TRANSD 
- ~RANSDUCER .~ 
/ 
I / 
8TARGET 
Fig. 1. Schematic Diagram of the Experimental System. 
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Fig . 2. Photograph of the Experimental System. 
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is not only that Keller introduced these diffracted rays from a qualitative 
view, but he also assigned amplitude and phase, actually a field value, to 
each of these rays. So, one can calculate the field value of the scattered 
energy at a given point by simply summing the field due to all the diffracted 
rays at that point. 
Without going into too much detail , for an arbitrary shaped aperture, 
the amplitude of the scattered or the diffracted field at a given point due 
to all the diffracted rays is expressed as: 
U(P) 
i[k(lb +s)]+ i -f 
- f:A ( k) e X 
2(21l k) 112sin6 
. - 1 
[sec t (e- a.) ± esc t (e+a.) ] x [s( 1+ s(coso -a 6sin a ) 2)]. 
a sin2a (1) 
Here A(k) is the amplitude distrubtion of the incident rays, k is the wave 
number and lb is the phase. The distance from the origin to the point of the 
ray is represented by s. The angle of incidence is represented by ~ . and the 
angle of diffracted ray is expressed by e. The radius of the curvature of the 
aperture is~, and ~ is the angle between the incident ray and the positive 
tangent to the aperture, and this parameter will determine what type of 
aperture we have. The derivative of ~ with respect to the arc length is ~ . 
Basically, for a given type of aperture, the parameters ~ . ~ and a are 
important. Now, how many of these diffracted rays one takes into account in 
the summation depends on the type of geometry one has. It is also important 
I guess, to mention that each of these diffracted rays , when they interact 
with the edge, diffract again so one can consider multiple diffraction also . 
We have worked out the problem for the circular case shown in Fig . 5. 
We have an aperture of radius a, and we consider two incident rays coming in 
with angles of incidence a 1 and a 2• (We also worked out the problem for four incident rays, but the result happens to be the same. Thus , it appears that 
two rays are suffi ci ent to take into account for circular aperture. For 
other shaped apertures one needs to have more than two rays in the summation . ) 
The diffracted rays are shown also . For the far f i eld approximation, we came 
up with an expression in terms of simple trigonometric functions : 
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Fig. 5. Diffraction of "Rays'' for a Circular Aperture . 
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exp(ik(~0 + r)) 
u "' -A(k) ----"---
r 81T
8
1, [lexp(i(-kasin9 + n/4))[ . ~1+ + 1 J ~ s~n · e cos~ - e 
. -2- -2-
fr - asin~ (a r - asin<P ( e • -- -sin -r r r sin¢)) ll-1/2] 
+ [exp(i(ka(sir.¢ + 2sin8) + n/4)) [ . 1 + 1 J· Sln~ cos!..:....! 
[r \"'"l[f- r+/''"! (-sma+ dn;:l] r'J]' 
r 1 ... r - a sine 
• .. -s1.n6 S a 
r 2 .. r + sine 
Here r represents actual distance between the center of the scatterer to the 
receiver, and A(k) is the amplitude distribution of incident wave which we 
get directly by frequency analyzing the transducer. The incident and the 
scattered angle are represented by 4> and e, respectively. That gives all the 
parameters there. 
We took our measurements directly from the spectrum analyzer. The 
frequency dependence is shown on the spectrum analyzer, and the angular 
dependence of our data was obtained by taking a given frequency from the 
spectrum analyzer and varying the angle between the transmitter and the 
receiver. 
(2) 
ngure 6is the spectrum of the output of our transmitter, and, unfortunately 
the band is not very wide. We don't have a better transducer, so we have to 
use whatever we have. But in our expression which was given in Eq. (2), we 
used this function for A(k). We carried out the experiments both by measuring 
the scattered energy as a function of frequency and angle from the end of 
these rods, as well as from flat bottom holes in the aluminum sample. 
Figure 7 shows the frequency dependence of the intensity from a 245 mil 
diameter rod for a 23 degree scattering angle. The incident was normal in 
this case. The solid curve is the theoretical curve which was calculated 
from Keller's theory, and the dots are the experimental points. At first 
glance the agreement is not too bad. We have the same number of peaks and 
some of them are overlapping. The agreement is better for the 1/8 inch rod 
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(Fig 8). Here we have plotted the intensity as a function of frequency . 
Unfortunately, the frequency range is rather limited . We are dealing with 
frequencies between '- approximate ly 1 to 6 MHz. The frequency spectrum is not 
as wide as given in some of the previous papers, but at least ~ can get 
some kind of comparison for -the angular dependence here with 15 of axis 
angle . In Fig. 9 we vary the angle for a given frequency, and here again, 
you have to use your imagination to match up some of the points. In the 
th0oretical curve the frequency was 5.5 MHz and the angl e varied up to 40 . In Fig. 10 the agreement is better for another type of reflector. 
All these experiments are for scattering from the end of a flattened brass 
rod, so, it's like from a disk in water. Since the agreement between 
theory and experiment is reasonably good, one could begin to believe 
that there may be some merit in using this geometrical theory of diffraction . 
After carrying out the experiments on scattering sound from the end 
of t he rod, we decided to look at some metal samples and study the 
scattering from flat bottom holes, from the end of these holes. We used 
two djfferent types of samples. Since one of the problems which came up 
in this investi gation is the effect of the surface of the sample on the 
scattering results, we used two types of samples. In one case we have 
a cylindrical surface and we dril l ed a flat bottom hole i nto it, such 
that the end of the hole is at the center of the curvature. In this case 
all the scattered waves are not going to refract when they come out at the 
bottom. The other sample furnished by the Science Center, has a flat top . 
In both of these samples we used identical sized flat bottomed holes in 
order to compare the results. Both samples are shown in Fig . 11. 
In Fig. 12 we have pl otted the theoretica l curve with the experi-
mental points for the hole in the aluminum sample. I guess I didn't mention 
it previously, but it is obvious that we used a scalar theory. Thus, one 
has to use some reservation as far as agreement is concerned. At any rate , 
the dots here are the experimental points and they are just connected so one 
can see the behavior of the experin~nt. But here the diameter of the Slat 
bottomed hole was quite large (l/2 inch), and the off axis angle is 29 . 
We have, again, some kind of agreement between theory and experiment. The 
agreement is much better for a 1/4 inch hole , as shown in Fig. 13. There 
are some details in the theory which one may not be able to resolve experi-
mentally, but there are two distinct peaks and the experiments seem to 
follow the theoretical predictions . 
Both of these results w0re for normal incidence, and the off axis angl e in this case, was 25 . We used a curved cylindrical gurface 
sample . In Fig. 14 ~e show data for an angle of incidence of 18 and a 
scattered angle of 4 . Here again we have reasonable agreement -- the 
peaks are shifted to the right, but we have 3 peaks, and the agreement is 
not too bad considering that we are dealing with the scalar theory. 
I guess I should mention at this point that we are using short 
pulses, and can separate the longitudinal and the shear scattered waves 
experimentally. 
In Fig. 15 we show a comparison between the two samples we used 
and the theoretical curve. In both samples there is a l/8 inch hole, and 
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the measurement was made at the same scattered angle. These dots are for 
the sample with the flat surface and the crosses are for the curved surface 
sample. It seems to be that .above about 3 MHz or so both experiments agree 
reasonably well with the theory; and at the lower frequencies, both of 
them deviate from the theoretical curve. Thus it is difficult to draw a 
conclusion as to what the effect of the surface is but it is most likel y 
that at l ow frequencies we have problems with both of them. So, I guess 
\~would have to carry out the investigation to a higher frequency range. 
One way to study the effect of the surface of the sample on the spectrum 
is by carrying out experiments on both samples and comparing with the 
theory. But, since the theory is not perfect, I don't know if we are 
comparing the right thing or not. 
We thought it would be useful, since we are interested in angular 
and frequency dependence of the scattered energy . to make a three-dimens ional 
plot in order to study some of the fine features of the spectrum. In Fig. 16 
the frequency and the scattered angle is plotted vs. the scattered intensity. 
We can get some idea of what's going on in the various regions, and we tried 
to use this information in our experiments. We can also program the 
distance dependence or the flaw size dependence as a function of frequency. 
In Fig. 17 we learn by plotting the distance dependence as the function of 
frequency that after about an inch or so the structure of the scattered 
energy is unchanged. This is a plot of the results that came from Keller's 
theory. We learned that up to about an inch or so from the scatterer, 
there is not much distance dependence as far as the structure is concerned. 
But if you are going in the near field within one inch, then you will have 
some problems. 
We are interested in going in the direction of studying other than 
circul ar shaped or circular types of flaws, and we are simulating some other 
types of flaws. At the moment we don't have a theoretical comparison for 
these, but we are trying to solve the problem of the elliptical aperture 
and also some rectangular apertures using Keller' s theory. I would like 
to mention an approximation of this theory which we also are using in order 
to determine the size of various nonsymmetrical types of reflectors. 
In Fig. 18 is shown a whole set of reflectors which are used in 
our experiments. We used elliptical, rectangular, and some irregularly 
shaped reflectors. We looked at the frequency spectrumscattered from these 
reflectors. In the long run we will correlate the results with diffraction 
theory from geometrical diffraction theory. But for the moment we make the 
assumption that the contribution to the spectrum is coming from wavelets at 
the opposite end of these edges. Thus we take waves coming from two points. 
We are not consideri ng any amplitude, but we say, "Well, they are either 
going to meet in or out of phase." If they meet in phase, they form maximum 
amplitude; if they meet out of phase, they are going to be at a miminum 
amplitude. On the spectrum we are looking for the formation of these peaks 
that were shown before. 
What we are doing is correlating the positions of these frequency 
maxima to the size by these two approximate equations: 
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v 
1 d[sin6 + (sin6 ±. al)] 
t.£2= 
v 
d[sin6 + (sin6 ± a2) ] 
Here d is the size of the reflector. By placing the receiver at two 
different positions, we come up with the frequency spectrum where the 
separation of the frequency maximum is given as af1 and af2. 
The orientation of this random-shaped reflector we designate e in 
the direction where the plane of the transmitter and receiver is. The 
parameters a 1 and a7 are the angles of the receiver with respect to the transmitter. Solving these two equations simultaneously, we obtain the 
dimension d in tenns of af1 and af2 which we measure from the spectrum analyzer, and froma 1 and a 2 which we get from the goniometer. 
(3) 
(4) 
In Table I is a list of the nine or so reflectors that are shown in 
Fig. 18. Here we compare some of the dimensions which we measured with the 
actual sizes fo r which there is reasonable agreement. The actual dimensions 
and the measured dimensions, using the approximate evaluation, agree pretty 
well as you can see. We came within 10% most of the time. Thus we can get 
some indication of these dimensions, and we are carrying out similar 
experiments in solid bodies. 
One of the experiments which we are doing in solids is to measure 
the depth of notches using this same technique. This is an immersed system. 
We have an aluminum plate with notches of various depths in it. The incident 
ray is set at such an angle that only a shear wave is propagated into the 
aluminum, as shown in Fig. 19. Then we studied the scattering from the 
notches, picked up from a receiver directly above it, and displayed the 
signal of the spectrum analyzer. From the spacing. we get the measurement 
of the depth. Actually what we are hoping to do is treat this problem as a 
diffraction problem, also using Keller's theory, where we have an incident 
wave, incident shear wave, and a diffracted wave at the slit, and then come 
up with some analytic expression which can be compared with experiment. 
In conclusion, I would just like to say that we are in the process 
of evaluating Keller's theory for various two-dimensional type of flaws, 
and comparing the resu l ts with the experiments. In the meantime, we are 
using some approximate theory to evaluate the dimensions of odd shaped 
objects. 
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Table I. Comparison of Actual and Measured Sizes for Simulated 
"Real Flaws". 
Flaw Size in Inches 
Flaw Type Dimensions Actual f.leasured 
Small Side 
Rectangular 
0.25 Q.23 
Long Side 0.43 0.48 
Small Diameter 0.2 0.25 
Ellipse 
Lopg Diameter o.ss o.s3 
Small Diameter 0.46 0.41 
Ellipse 
Long Diameter 0 .ss 0. 75 
Smallest 0.26 0 .29 
Irregular 
Largest o.Bl 0. 74 
Smallest 0.23 0 .23 
Irregular 
Largest 0.29 0 .26 
Small Side 0.19 0.29 
Rectangular 
Long Side 0.63 0.60 
Square Side 0.48 0.45 
Smaller 0.42 0 .37 
Irregular 
Largest 0.69 0 .62 
Circle Diameter 0.52 0 .53 
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 DISCUSSION 
PROF. KRUMHANSL (Cornel l University): A very i nteresting point that I 
think you went over very quickly may be of considerable use to the 
theorists. That had to do wi th, I thought I heard you say , that 
you were able to separate in your transducer and your signal pro-
cessing , perhaps, the longitudinal and transverse components? 
OR. ADLER: Wel l , if you have a very short signal, about a micron or so, 
then there is a possibility of separa ting the shear and the longi-
tudinal waves . From time measurement you can tell whether the 
signal is ~oming with a shear velocity or a longitudinal velocity. 
PROF . KRUMHANSL: I see. So , was this spectrum analysis , for example, 
of one component, a longitudinal component? 
OR. ADLER: Right. 
PROF. KRUMHANSL: Oh, I think it may well be that a form of Keller's 
theory can be developed for the elastic case. One of the principal 
problems is sort of a power cross section in that both longitudinal 
and mode converted transfers are there. Now, if in fact you can 
separate this , I believe that, as a guide, this kind of semi-
geometrical theory would really apply much more easily to one 
component than to t he total of two longitudinal and transverse 
components. 
OR . ADLER: Yes. Actually Keller , in one of his papers, claims that 
you can treat mode conversion by considering both longitudinal 
and shear waves as you just mentioned. The problem, I guess , is 
the coupling. 
PROF. KRUMHANSL: The coupling, right. 
DR. ADLER: That's what we are trying to do maybe , experimentally come 
up with some sor t of a functional relationsh i p between the different 
components and incorporate it into the theory. 
OR. HENRY BERTON I (Polyt echnical Insti t ute of New York): Ke l ler's theory 
has been applied to classic propagation in an anistropic medium 
where you can have an el ectromagnetic. In anisotropic media where 
you have a mode conversion problem, all the ideas carry across. In 
th i s case of an edge, you must solve , in an elastic medium, the 
semi-infinite edge problem and then that gives you a coefficient, 
the diffraction coefficient of Keller's theory. Does anyone know if 
that has been solved? 
PROF. KRUMHANSL: That's what Hanson does with electromagnetics. It has 
been done. 
DR. BERTONI: I 'm not aware of it for the el astic case. 
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